The main objective of this paper is to address the instability and dynamical bifurcation of the Dean problem. A nonlinear theory is obtained for the Dean problem, leading in particular to rigorous justifications of the linear theory used by physicists, and the vortex structure. 
Introduction
The instability of rotating flows is an important issue in fluid dynamics. The problem go back to the pioneering work of Rayleigh [16] . He also considered a basic swirling flow of an inviscid fluid which moves with angular velocity Ω(r), an arbitrary function of the distance r from the axis of rotation, which ory [10, 15] . The basis of our research is a basic solution of Dean problem as follows where A and B are determined by boundary velocity. In this paper, we shall get the expressions of A and B by the physical assumption, which are different from expressions in [4, 7, 18] where the boundary velocity vanishes. Based on the basic solution determined by boundary condition and narrow gap approximation, we get a new simplified governing model for the Dean problem. In addition, the expressions of A and B guarantee that the linear part of dynamical equation is symmetrical. The article is organized as follows. In Section 2, we will give one type of boundary conditions for the steady state solution to guarantee that the corresponding linear part is symmetrical. The simplified model and the setup are given in Section 2, and the principle of exchange of stability(PES) is given in Section 3, and the main theorems are proved in Section 4.
Simplified Governing equations

the basic flow
The governing equations of a viscous incompressible fluid in the space between two concentric cylinders are the following equations in the cylindrical coordinates, which are given by
where ν is the kinematic viscosity, ρ is the density, u = (u r , u θ , u z ) is the velocity field, p is the pressure function, and
To simplify (2.1), we make the following physical assumptions:
1. narrow gap approximation,
where R 1 and R 2 are the radius of of the two concentric cylinders.
2. the steady state solution of (2.1) only related to the θ-direction and only depend on the variable r, i.e.,
3. the partial derivatives of pressure function p with respect to θ is a constant, i.e., ∂p ∂θ
From [5] , the basic flow for (2.1) is a steady state solution, defined by
(2.5) Remark 1. In this paper, the basic flow (2.4) we considered is different from the Couette flow for the Taylor problem.
By the boundary conditions
We also assume that the pressure p is a function depending on θ and r, satisfying that 1 ρ
Basing on the above assumptions, together (2.5) with (2.6), we get
Remark 2. Note that (2.8), (2.9) and the narrow gap approximation assumption (2.2) can guarantee the linear part of the perturbation equation by (2.5) is symmetrical.
perturbed non-dimensionless equation
In the following, in order to investigate the stability of the flow described by (2.5), we need to consider the perturbed state
Assume that the perturbations are axi-symmetric and independent of θ, we derive from (2.1) that
To derive the non-dimensionless form of equations (2.10), let
Omitting the primes, we obtain the non-dimensionless form of (2.10) as follows
Taking the length scale l = R 2 − R 1 , then the narrow gap condition is given by
Furthermore, by (2.14) and (2.8), we have
Moreover,
Under the assumption (2.14), we can neglect the terms containing r −n (n ≥ 1) in (2.13). Furthermore, by (2.15) and (2.16), we have
where ∆ is defined as follows
Omitting the primes, we can rewrite the equations (2.17) as follows 
Abstract operator form
For convenience, we denote λ = ∂p ∂θ 0
. In this paper, we only consider the following free boundary conditions:
where
l are non-dimensionless constants. Let
and ∂u r ∂r + ∂u z ∂z = 0 ,
and ∂u r ∂r + ∂u z ∂z = 0 .
(2.20)
Define the mappings A, B, G : H → H 1 as follows
where P is the Leray projection. Setting L λ = −A + λB, then the equation (2.18) is equivalent to the following operator equation
where u 0 is the initial value of (2.18).
Principle of exchange of stability
Let the eigenvalue of operator L λ and the corresponding eigenvector be β and v = (v r , v θ , v z ) respectively such that
Clearly, v r , v θ ∈ W 1 and v z ∈ W 2 respectively, where
We know that ∆ :
are isomorphic, where
Noticing that the eigenvectors e mn and e mn of ∆ in W 1 and W 2 are the orthogonal basis of W 1 and W 2 respectively. The eigenvalues λ mn and eigenvectors e mn of ∆ in W 1 are as follows
The eigenvalues λ mn and eigenvectors e mn of ∆ in W 2 are as follows Eliminating p of (3.4) to get
(a Then, we can deduce from (3.6) that
we rewrite (3.7) as follows
Obviously, the eigenvalue of (3.2) is also the eigenvalue of (3.8). It follows from (3.7) that
(3.10) and the eigenvectors corresponding β i mn (i = 1, 2) are given by
From (3.11), it is easy to get the following properties of f i mn . Proposition 1. Let f i mn satisfy (3.11), then 1. {f i mn } is an orthogonal basis of H and H 1 , and f
First eigenvalue and critical number
Obviously, it is easy to check that
Hence, the first eigenvalue of L λ is determined by the following formulation:
(3.12) (3.12) implies
Note that λ m is the function of m, which can obtain the minimum λ 0 when
Then there exists a positive δ > 0 such that λ 0 − δ < λ < λ 0 + δ, and
(3.14)
which means that dimE 1 = 1.
Main conclusions
Based on Theorem 2.3.1 [15] , we can get the following conclusions.
Theorem 4.1. For system (2.21), the following conclusion hold.
1. if 0 ≤ λ < λ 0 , it does not have bifurcation, and the only equilibrium point u = 0 is globally asymptotically stable;
2. there exists a constant ε > 0 such that λ 0 < λ < λ 0 + ε, system (2.21) bifurcates from (0, λ 0 ) to an attractor Ω λ , and attractor Ω λ attracts H 1 /Γ, where Γ is the stable manifold (0, 0), which has codimension 1 in H 1 .
Let the first feature space of L λ be E, and the orthogonal complement of E be E 2 , then
Then (4.1) can be rewritten as
where P 1 : H → E 1 and P 2 : H → E 2 are projections. Thus, (4.2)-(4.3) are equivalent to the equations For any u ∈ H, u can be expressed as
Then (4.4) and (4.5) are equivalent to the following two equations:
By the proposition 1 and the implicit function theorem [10] , we can get 
